ABSTRACT The advanced receiver autonomous integrity monitoring (ARAIM) is an augmentation of future multi-constellation global navigation satellite system for fulfilling stringent navigation integrity specified in safety-critical applications. Until recently, the most extensively used ARAIM algorithm is the baseline algorithm using the multiple hypothesis solution separation (MHSS) test statistics. However, the MHSS tests are redundant, which bring loose threshold for each test statistic, due to duplicate allocations of continuity budget to numerous tests. The loose thresholds reduce the ARAIM performances on fault detection, effective monitoring threshold, and integrity. This paper proposes a new projection line based MHSS (PLB-MHSS) fault detection method in parity space. Specifically, we first develop projection line representations for the MHSS test statistics and the position error distribution. The PLB-MHSS method is then proposed using the largest projection of parity vector onto the projection lines as the test statistic. Finally, a corresponding integrity risk bounding method is developed. Without redundantly allocating the continuity budget, the PLB-MHSS method obtains tight fault detecting threshold. Simulation results show that, compared with the traditional MHSS method, the PLB-MHSS method is more sensitive on fault detection, and decreases about 9% of EMT and more than 13% of vertical protection level on average.
I. INTRODUCTION
Civil aviation applications require GNSS to provide reliable and continuous service. However, GNSS measurements are vulnerable to faults. To meet the safety requirements, aircrafts implement the Receiver Autonomous Integrity Monitoring (RAIM). Using redundant measurements, RAIM performs consistency detection to monitor faults and has been well used in en-route flight phases. With the development of dual frequency and multi-constellation GNSS, a new version of RAIM is proposed by Federal Aviation Administration (FAA), known as Advanced RAIM (ARAIM). Using much more visible satellites, ARAIM is expected to meet more stringent requirements for operations in en-route and even final approach phases (e.g. LPV-200 that support localizer precision vertical aircraft approach operations down to 200 feet above the ground) [1] , [2] .
In condition that the satellites in view are redundant for positioning, position estimation can be determined using the subset of all-in-view satellites. When fault occurs, the solution computed by subset that include no fault satellite separates from the solution computed by full-set (all in view) satellites. Using the solution separation as test statistic, literature [3] proposed a fault detection method, known as solution separation (SS) method. In normal condition, the solution separations are in zero mean Gaussian distributions. In fault condition, the solution separations are in non-zero mean Gaussian distributions [4] . Fault is then detected if any of the test statistics does not subject to the zero-mean Gaussian distribution. Although the SS method was developed for single fault detection, Brenner pointed out in [5] that the solution separation method was also applicable to multi-fault detection, known as multi-hypothesis solution separation (MHSS) method. Due to its capability of multiple fault detection, the MHSS method is currently used as the basic ARAIM user algorithm.
However, due to a large number of visible satellites, the MHSS-ARAIM method produces a considerable amount of test statistics. To ensure the continuity of operation, this method equally allocates the specified continuity budget (false alarm probability) to all of these test statistics for thresholds determination [6] , [7] . Equally allocating the continuity budget to large amount of test statistics makes loose thresholds for fault detection, resulting in a higher integrity risk. Two groups of methods were investigated to address this issue. One group is to reallocate the continuity budget unequally to reduce the total integrity risk. For example, Blanch et al. improved the integrity by reallocating the continuity budget to make equal integrity risk for each fault hypothesis [8] , [9] . Lee and McLaughlin [10] reallocated the continuity budget to even up the thresholds for integrity risk reduction. The other group methods try to reduce the number of test statistics, so that each test statistic is allocated more continuity budget. Literature [11] proposed a clustered method to reduce the satellite subset. Literatures [12] and [13] developed optimized methods for the clustered method. Paper [14] reduced the test statistics based on satellites in different orbital planes. In [15] , Meng et al. reduced the test statistics considering the fault mode probability instead of maximum simultaneous faults number. However, those methods did not account for the correlation of test statistics, which may result in duplicate allocation of continuity budget. In literature [16] , Joerger pointed out that the MHSS statistics are mutually correlated. He also derived the relationships between single-fault hypothesis test statistics in parity space in papers [17] , [18] . In addition, Blanch, et al. [19] indicates that some solution separation tests are unnecessary. Without considering the correlations of test statistics, the continuity budget are reduplicative allocated, which produces large threshold. Under this condition, not only some small fault might be missed in detection, but also poor integrity performances would be resulted.
In response, the objective of this paper is to present a method for analyzing the relationships among MHSS test statistics, and then propose a novel fault detection method without redundant tests and duplicate allocations of continuity budget. The threshold is therefore tightened, then the small fault detection capability is strenthened and the integrity performance is improved. This paper starts by analyzing the impact of fault on MHSS test statistics. In section II, formulations of the MHSS fault detection method are fully derived, which quantifies the impact of fault on MHSS test statistics. In section III, a simulation is carried out to demonstrate the behavior of MHSS test statistics when fault occurs, which demonstrates the MHSS tests are redundant. In section IV, a new fault detection method is proposed on basis of the derivation of MHSS test statistics' representations in parity space. In section V, an integrity risk bounding approach corresponding to the proposed fault detection method is developed. In section VI, we carry out the experiment verification to the proposed method, comparing with the traditional MHSS method. The conclusion is drawn in Section VII.
II. ARAIM MHSS FAULT DETECTION METHOD
Let n and m respectively denote the measurements and states (parameters to be estimated) and letz be the n×1 vector of stacked measurements. Assume that the cumulative distribution function of nominal measurement errors is bounded by a zero mean Gaussian distribution with a positive definite covariance matrixṼ. Vectorz is pre-multiplied byṼ − 1 2 to obtain the normalized measurement equation [16] - [18] :
where z=Ṽ − 1 2z is normalized measurement vector, H is the n × m normalized observation matrix, x denotes the state vector, f is the normalized fault vector. The elements corresponding to fault satellites in vector ''f'' are non-zeros but the others are all 0s, and f = 0 in fault-free condition. The v is vector composed of zero-mean, unit-variance independent and identically distributed (i.i.d.) random variables, which denotes the normal error in measurements.
The least square solution of full-set satellites is calculated as:
where H * denotes the left pseudo-inverse of H:
When setting the ith fault hypothesis corresponded row (or rows) to zero, the observation matrix becomes:
where
and n i is the number of faults. A i is n × n i with I n i occupying the first n i rows and columns, otherwise zero. Here, without losing generality, it is assumed that the hypothetical faulty measurements are the first n i elements of z. Then, the solution of the subset satellites is obtained as:
Then, the solution separation is expressed as:
Extracting the interested state of x i using a vectore d , which is formulated as:
where d = 1, 2, 3 denotes three dimension of position, e.g. east, north, and up, e d denotes a m × 1 vector whose dth element is 1 and other elements are 0s. VOLUME 6, 2018 In normal condition, the solution separation is in Gaussian distribution:
where σ ss,i denotes the standard deviation of the solution separation. Literature [16] proves:
Then the threshold of fault detection is expressed as [6] :
Q is the left side of the cumulative distribution function of zero mean unit Gaussian distribution. P fa,i is the continuity budget allocated to the ith fault hypothesis. In traditional MHSS method, P fa,i is calculated as:
where h is the number of fault hypotheses, P fa is the total continuity budget which denotes the false alarm probability.
In normal condition, both the full-set solutionx 0 and the subset solutionx i are close to the real position. When fault occurs, the solution of subset including no fault satellite locates around the real position, but the full-set solution separates due to the fault. Comparing the test statistic expressed in Eq.9 with the threshold in Eq.12, fault is detected if the test statistic exceeds the threshold.
III. REDUNDANCY OF MHSS TESTS AND ITS IMPACT ON ARAIM
This section presents the redundancy of MHSS tests, which involves allocating the continuity budget. Because anyone of the MHSS test statistics exceeding its threshold can trigger the alarm in the fault detection processing, the other test statistics that simultaneously exceed their thresholds are redundant. This redundancy results in loose thresholds and high integrity risk, which is analyzed in the end of this section.
A. REDUNDANCY OF MHSS TEST STATISTICS
To illustrate the redundancy of MHSS test statistics, we carried out a simulation using MHSS fault detection method for a specific example. The scenario is described in Fig. 1 .
In Fig.2 , the MHSS test statistics are computed for example illustrated in Fig.1 , for the joint of GPS and BDS systems. The first subfigure shows the situation with no fault occuring, the second represents the situation with +25 meters pseudorange fault (abnormal bias) on GPS #3 satellite, and the third illustrates the result with +50 meters pseudorange fault on GPS #3 satellite (we choose GPS #3 satellite for example, there is nothing special on this satellite). Comparing the second and third subfigures in Fig.2 , it indicates that most test statistics evidently increase with the fault magnitude increasing from +25 meters to +50 meters.
According to the MHSS fault detection method described in section II, any of the test statistics could trigger the alarm if it exceeds the threshold, and the others are redundant. Fig. 3 illustrates the redundancy in MHSS method for fault detection. As the fault magnitude increases, the number of test statistic exceeding its threshold is close to the total number of test statistics. Redundant tests make duplicate allocations of continuity budget, which result in loose threshold for each test statistic according Eq.12 to 14. 
B. IMPACT OF THRESHOLD ON EMT AND INTEGRITY RISK
The effective monitoring threshold is an additional LPV-200 requirement on the vertical position error, which is specified in SARPs [20] . This requirement bounds the probability on vertical errors larger than 15 meters, because such errors can introduce a significant increase in the flight crew workload and potentially a significant reduction in the safety margin [21] . EMT is one of the criteria need to tested in vertical ARAIM (V-ARAIM). It is defined as the maximum of the detection thresholds of faults that have a prior equal or above P EMT , which is computed as follows:
Eq. 15 indicates that the loose threshold caused by redundantly allocate the continuity budget directly reduces the performance of EMT. ARAIM performs autonomous fault detection and integrity monitoring at the airborne receiver. Integrity monitoring is defined as the timely provision of information to users about the level of trustworthiness of the navigation system [22] - [24] .The integrity risk or probability of hazardous misleading information (HMI) is the risk of the positioning error exceeding the alert limit whereas the detection test statistic is below the threshold. The probability of HMI is expressed as:
where hazardous information (HI) is the event of the positioning error exceeding the alert limit, andD is the no-detection event. For a test statistic, loose threshold increases the probability of misdetection and the integrity risk. Fig.3 illustrates the impact of threshold on integrity risk. The horizontal axis represents the detection test statistic. The threshold is determined according to an allocation of the predefined continuity requirement. An alarm is triggered if the test statistic exceeds the threshold. The vertical axis is the positioning error, which causes hazardous information (HI) when exceeding the alert limit. Of primary interest is the hazardous misleading information (HMI) area, which represents cases where the positioning error exceeds the alert limit and the test statistic does not trigger an alarm. The integrity risk is the probability of being in the HMI area. Comparing the two subfigures in Fig. 4 , for a specific fault and test statistic, the smaller threshold (T1) achieves better performance on integrity risk. Accordingly, the loose thresholds caused by redundant tests and duplicate continuity budget allocations theoretically reduce the integrity performance.
IV. PROJECTION LINE BASED FAULT DETECTION METHOD
This section first derives the relationships among MHSS test statistics in parity space. Then, a new fault detection method without redundant test and continuity budget allocation is developed.
A. PARITY SPACE PROJECTION LINE
According to 4, the following equation is obtained:
According to the Woodbury's Formula [25] , the inverse matrix is expressed as:
H * 0i is rewritten as: 
The relationship between H * 0i and H * is expressed as:
where S is defined as:
I n is an identify matrix of size n. Substituting Equation 20
into Equation 8, the following equation is obtained:
The (n − m) × n parity matrix Q is defined such that its rows form an orthonormal basis for the left null space of the measurement matrix H, i.e.,
The column space of Q is defined as the parity space of H [26] . Parity vector is defined as a projection of z into the left null space of H, which is known as parity space:
, and focusing on a specific state, the solution separation becomes:
where h * is the corresponding row of H * with the interested state, i.e. h * = e T d H * , and
Substituting Equation 18 into Equation11, the deviation of solution separation is obtained as:
The normalized solution separation is expressed as:
where w i is the normalized vector ofw i . Eq.30 reveals that all the MHSS test statistics, including statistics corresponding to single fault hypothesis and multi fault hypothesis, are projections on specific lines, which is extended from single fault hypothesis in literature [16] . When fault occurs on the ith fault hypothesis, the mean of error of position using full-set satellites is expressed as:
where ε 0 is the position error, x denotes the real position. Substituting Eq. 30 into Eq. 31, the mean of error becomes:
where p f and p v is the projection of fault vector and noise vector in range space onto the parity space respectively (p f = Qf, p v = Qv). In Eq.32, E(p v ) = QE(v) = 0 due to the assumption that the cumulative distribution function of nominal measurement errors is bounded by a zero mean Gaussian distribution. Eq. 32 demonstrates that the mean of the position error is represented by the projection of p f onto the fault corresponding projection line. We define the fault corresponding projection line as the positioning projection line. Consider a canonical example used by Joerger et al. [16] , whose observation matrix H = [1 1 1] T . The fault is assumed occurring on the second measurement, which is represented by the fault vector f = [0 f 2 
0]
T , where f 2 is the fault magnitude. Fig. 4 illustrates Eq.30 and Eq.32 for this canonical example.
The unique positioning projection line is defined as the projection line that corresponds to the real fault mode. It reveals the relationship between the parity vector and the position error, which is the magnitude of parity vector indirectly reflect the position error.
B. PROJECTION LINE BASED MHSS (PLB-MHSS) FAULT DETECTION METHOD
Fault, including single fault or multi fault senario, increases the size of parity vector. When fault occurs, any projection of parity vector on the projection line can theoretically reflect the change of parity vector size effected by the fault, unless the projection line is orthogonal to the parity vector. In other words, any projection can be applied for fault detection, with effectiveness determined by correlation between parity vector and the corresponding projection line. Using the projection of parity vector on its highest correlated projection line as the test statistic, the fault can be effectively detected. A novel fault detection method is proposed, as the following steps:
Step 1: Calculate the normalized pseudo-range z and the normalized observation matrix H expressed in Equation.1, using the observed ephemeris, pseudo-range information and the model of pseudo-range error;
Step 2: Determine possible fault hypotheses that need to be detected. Using the following equation to determine the maximum size of the subsets (denoted as r) that need to be monitored [2] :
where P thresh is the threshold for the integrity risk coming from unmonitored faults. u is defined as:
where N sat and N const denote the number of full-set satellites and the constellations, P event,k is the prior probability of the independent fault event k.
Step 3: Calculate the parity space matrix Q, which is the left null space of H. Then, compute the projection lines w j (j = 1, . . . , h) using Equation.28.
Step 4: Compute the parity vector p according to Equation. 26 Step 5: Project the parity vector onto the projection lines obtained in step 4, and select the largest projection as the test statistic, expressing as:
which can most effectively reflect the magnitude of parity vector due to the corresponding projection line is closest to the parity vector.
Step 6: The fault detection threshold is obtained as:
The P fa is the continuity budget (false alarm probability), which is a constant value according to a specific flight operation. Without dispersing the continuity budget, the threshold in Eq. 36 is much smaller than the threshold of traditional MHSS method.
Step 7: Alarm when the test statistic exceeds the threshold.
V. INTEGRITY RISK EVALUATION METHOD
Although the approach developed in section IV can detect satellite fault in most conditions, mis-detection happens if fault information is not correctly reflected. The integrity risk occurs when the test statistic fails to reflect the fault that results in an unacceptable position error. This section outlines an integrity risk evaluation method corresponding to the proposed projection line fault detection method, which involves quantifying the impact of undetected faults on the estimation error.
With respect to the projection line based fault detection method, because the solution separation and the least-square positioning error are statistically independent [16] , [27] , the probability of Hazardous Misleading Information (HMI) for the projection line based method is expressed as:
where l denotes the alert limit, j = 1, 2, . . . , h is the index of normalized solution separation, h is the number of fault hypothesis. The areas that causing integrity risk of the two methods are presented in Fig.6 , where the end point of parity vector located without triggering the alarm, for example illustrated in Fig.5 . Under this scenario, the MHSS detection thresholds are all equal, then the no-detection area is a hexagon. Detection is established if the parity vector p lands outside the hexagon. It follows from Eq.35 and Eq.36 that the detection boundaries for PLB-MHSS method are a pair central symmetric triangles. For example, in Fig. 6 , because the fact that w 2 has the largest projection in this condition, the triangles are VOLUME 6, 2018 around w 2 and shaped by two angular bisectors and threshold in Eq .36. Under this scenario, PLB-MHSS method would perform better than MHSS method on integrity risk because the no-detection region is much smaller.
Under normal condition, which is denoted as H 0 , a bound on the probability of HMI is established as follows:
This bound is obtained by ignoring knowledge of no detection. It can be considered a tight bound due, as illustrated in Fig. 6 , the probability of p being in the triangle-regions is large under the conditions of q = max (q j ) and H 0 .
Under a fault condition denoted as H i , the integrity risk can be bounded as:
where H wc is the worst-case fault hypothesis that arises largest integrity risk. q wc is the normalized solution separation calculated by Eq.30, corresponding to H wc . The position error can be formulated as:
where ε wc is the position error using the satellites subset corresponding to the fault hypothesis H wc , and σ wc,ss is the corresponding standard deviation of solution separation. Substituting Eq.40 into Eq.39, the following bound is obtained:
Under the fault hypothesis H wc , ε wc is fault free and in Gaussian distribution:
where σ wc is expressed as:
The worst-case fault hypothesis can be obtained by searching the entire hypotheses as:
Then the integrity bound can be expressed as:
As an alternative to integrity risk evaluation, protection levels (PL) can be derived from Eq.45. PLs are probability bounds on the position estimate error, which is commonly used in practice. The vertical protection level (VPL) is the solution of the following equation:
where I req denotes the integrity requirement, which is 10 −7 in LPV-200 operation. P NM denotes the probability contribution to integrity budget of all unmonitored subsets.
VI. SIMULATION RESULT A. PERFORMANCE ON FAULT DETECTION
To demonstrate the performance improvement on fault detection as compared to prior work on MHSS ARAIM in [6] , two terms associated are considered: the magnitude of fault, and the position error caused by fault.
For the illustrative example specified in Fig.1 , a Monte Carlo test of adding fault in GPS #3 satellite is carried out (we choose GPS #3 satellite for example, there is nothing special on this satellite), with parameters given in Table 1 . For this illustrative example, Fig. 7 presents values of detecting rate for a range of fault magnitude. As is demonstrated, the proposed projection line based method outperforms the MHSS approach given in [6] , which is the basic ARAIM user algorithm. For example, when the fault magnitude is 42m (see the magnification part in Fig. 7) , 99.9% trials trigger alarm using PLB-MHSS method, but only 95% is detected using traditional MHSS method. The MHSS method detects 99.9% faults when the fault magnitude is 48m, which is 12.5% larger than the PLB-MHSS method for the same detection rate.
Another aspect is considered in Fig.8 and Fig. 9 , which evaluates detecting rate versus positioning error. Fig.8 and 9 are two box-plots drawing by the two methods respectively. Fig. 8 reflects the relationship between vertical position error and fault detection rate when using MHSS method. We delineated a calculated position error range in a specific case, for example, as compared to Fig. 9 . In this case, for the same detection position error delineated in the figures, 99.82% of errors are detected using PLB-MHSS method, while 95% are detected using traditional MHSS method. These two figures present that, for the same position error caused by fault, the detection rate is higher using PLB-MHSS method than using traditional MHSS method. The comparison indicates that the proposed method performs better on sensitive of detecting fault causing the same position error.
B. PERFORMANCE ON EFFECTIVE MONITORING THRESHOLD
A simulation is carried out to evaluate the performance of EMT at an example Beijing location for 3 months. The simulation parameters are listed in Table 2 .
In Fig.10 , the EMT for MHSS and PLB-MHSS method are respectively displayed for three constellation combinations. The blue scatters are established using MHSS method, which are mostly above the red scatters established using PLB-MHSS method. The proposed method presents a significant improvement on EMT as compared to the traditional MHSS method. The mean EMTs decrease 9.16%, 8.91%, 8.91% for the joint GPS/BDS, GPS/Galileo, GPS/GLONASS systems respectively. Fig. 10 illustrates that the proposed method can improve the performance of EMT in ARAIM application.
C. PERFORMANCE ON PROTECTION LEVEL
To quantify the integrity performance of traditional MHSS method and PLB-MHSS method, vertical protection levels are evaluated for example described in Table 2 , for GPS/BDS, GPS/Galileo, and GPS/GLONASS satellite geometry scenarios simulated at regular 10 minute intervals over 24 hours, which is presented in Fig.11 . The results are on the comparison between the two methods. It is demonstrated that the proposed PLB-MHSS method achieves significantly performance increasing on integrity. The mean VPLs FIGURE 11. Protection level (meter) evaluated using MHSS method and PLB-MHSS method over 24 hours at Beijing Location, for the joint GPS/BDS, GPS/Galileo, GPS/GLONASS systems. decrease 13.2%, 17.84%, 20.23% for the joint GPS/BDS, GPS/Galileo, GPS/GLONASS systems respectively. Fig. 11 illustrates that the proposed method can improve the integrity performance in ARAIM application.
VII. CONCLUSION
This paper presents a new fault detection method for advanced receiver autonomous integrity receiver (ARAIM), which is based on parity space analysis. In the proposed method, projection line representations of multiple hypothesis solution separations (MHSS) are derived. The test statistic is developed using the maximum projection of parity vector on the projection lines. Then, an integrity risk evaluation method is proposed corresponding to the developed fault detection method. Performance comparisons are carried out for the proposed method on fault detection, effective monitoring threshold, and protection level. The results show that, compared with the traditional method, the new method is more sensitive on fault detection, and decreases about 9% of EMT and more than 13% of VPL on average. 
